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We present a method to characterize non-Abelian anyons that is based only on static measure-
ments and that does not rely on any form of interference. For geometries where the anyonic statistics
can be revealed by rigid rotations of the anyons, we link this property to the angular momentum of
the initial state. We test our method on the paradigmatic example of the Moore-Read state, that
is known to support excitations with non-Abelian statistics of Ising type. As an example, we reveal
the presence of different fusion channels for two such excitations, a defining feature of non-Abelian
anyons. This is obtained by measuring density-profile properties, like the mean square radius of the
system or the depletion generated by the anyons. Our study paves the way to novel methods for
characterizing non-Abelian anyons, both in the experimental and theoretical domains.
Introduction.— The standard classification of particles
into bosons and fermions breaks down in two spatial di-
mensions, where exotic objects known as anyons can ex-
ist [1–6]. The key concepts for defining the statistics of
anyons are the adiabatic motion of one anyon around an-
other, hereafter the braiding, and the adiabatic exchange
of the anyons positions [7]. Anyons can be character-
ized by merging two of them, and the properties of the
new composite object depend on the fusion rules of the
original anyons. When there is the possibility of fusing
in more than one way, anyons can be non-Abelian [8–
11]: they are the heart of topological quantum computa-
tion [12], and their experimental realization is thus highly
desired. Several existing platforms are expected to host
them as emergent quasi-particles, but the unambiguous
experimental demonstration of their properties is still the
matter of an intense debate [13, 14].
In the last twenty years, several works addressed
the problem of extracting the properties of the anyons
hosted by the ground states of a given Hamiltonian.
The simplest approach relies on explicitly following the
ground-state evolution when anyons are exchanged [15–
19]. Within other approaches, the analytical study of
paradigmatic wave functions has also clarified important
issues about the statistics of excitations [10, 20, 21]. On
the experimental side, interferometric schemes have been
proposed to compare the state before and after the adi-
abatic time evolution [15, 22–26], but none of them has
produced unambiguous results [27, 28].
We propose a method to characterize non-Abelian
anyons: By considering geometries where the anyonic
statistics can be revealed through rigid rotations of the
anyons (see Fig. 1), we relate their statistical phase to
the angular momentum and to the density profile of the
system. This protocol allows one to identify the exis-
tence of different fusion channels, a defining property of
non-Abelian anyons, with remarkable experimental sim-
plicity in the context of ultracold atoms [29, 30] and pho-
tons [31, 32]. Moreover, our study represents a power-
ful theoretical tool to inspect excitations with unknown
FIG. 1. a-c, Rigid rotations of two anyons (panels a and b)
or four anyons (panels c). Rotation angles are such that the
set of anyonic coordinates (red dots) remains the same.
statistics, going beyond the observation of multiple fusion
channels. As a showcase study, we discuss our method for
the case of the Moore-Read (MR) state [8], and outline
an experimental procedure for computing the statistical
phases of its quasiholes.
Rigid rotations of the anyons.— We consider a two-
dimensional (2D) system of N particles (bosons or
fermions) supporting anyonic excitations. The Hamilto-
nian Hˆ1 is a function of particle positions and momenta,
as well as of time. We use the complex coordinate nota-
tion zj = xj + iyj for the position of the j-th particle.
The time dependence of Hˆ1(∂zj , ∂z¯j , zj , z¯j ; t) is only due
to a set of parameters ηµ(t) defining the centers of some
external local potentials Vext(z, ηµ(t)). These potentials
typically couple with the particle density, creating and
pinning the anyons at positions ηµ(t) [15, 33–36].
To reveal the anyonic statistics, one option is to
braid the anyons through rigid rotations of the pinning-
potential coordinates (see Fig. 1). These transformations
are defined as
ηµ(t) = ηµ(0)e
iθ(t), θ(t) =
t
T
θf , (1)
where θf is the final rotation angle and T is the time
duration of the process.
Since we consider rigid rotations, we can study the
problem in the reference frame R2 co-rotating with the
anyons, rather than using the laboratory reference frame
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2R1. We assume that Vext(z, ηµ(t)) is a function of the
distance |z − ηµ(t)| between particles and anyons, and
that the remaining terms in Hˆ1 are rotationally invari-
ant. Under these assumptions, the generator of the time
evolution in R2 in the time span [0, T ] reads [29]:
Hˆ2(∂zj , ∂z¯j , zj , z¯j ; t) = Hˆ1(∂zj , ∂z¯j , zj , z¯j ; t = 0)−
θf
T
Lˆz,
(2)
which is manifestly time-independent. The first term on
the right-hand side is the initial Hamiltonian in R1, while
the second one describes the effect of the rotation. Being
interested in an adiabatic process, we consider T → ∞.
The rotation term is then a small contribution and can
be treated perturbatively.
To describe the dynamics in R2, we consider an initial
state |Ψ0〉 belonging to the m-fold degenerate ground-
state manifoldHE0 , spanned by the basis {|ψα〉}α=1,...,m,
with Hˆ1(t = 0) |ψα〉 = E0 |ψα〉 and 〈ψα|ψβ〉 = δαβ . If the
dynamics is slow enough, we can use the adiabatic theo-
rem to state that the dynamics is restricted to HE0 (an
explicit proof is in [37]), and make the following ansatz:
|Ψ2(t)〉 = e−iE0t/~
m∑
α=1
γα(t) |ψα〉 , γα(0) = 〈ψα|Ψ0〉 .
(3)
By applying the Schro¨dinger equation, we recover the
time-evolution equation of the γα’s:
i~
dγα(t)
dt
= −θf
T
m∑
β=1
Lαβ γβ(t), (4)
where Lαβ = 〈ψα|Lˆz|ψβ〉 is the angular momentum re-
stricted to HE0 . The solution reads
|Ψ2(T )〉 = e−iHˆ2T/~ |Ψ0〉 = e−iE0T/~ eiθfL/~ |Ψ0〉 , (5)
in terms of the matrix exponential exp [iθfL/~].
To find the state |Ψ1(T )〉 in the laboratory frame, we
need to rotate |Ψ2(T )〉 by an angle θf :
|Ψ1(T )〉 = e−iθf Lˆz/~ |Ψ2(T )〉
= e−iE0T/~ e−iθf Lˆz/~ eiθfL/~ |Ψ0〉 .
(6)
The state in equation (6) is the exact result for an adia-
batic braiding process performed through a rigid rotation
of all anyons by an angle θf . We recognize a dynamical
phase proportional to T , that is unessential to the dis-
cussion of non-Abelian statistics and therefore neglected
from now on. The remaining geometric contribution is
the product of two unitary matrices: B, with matrix el-
ements Bαβ = 〈ψα| e−iθf Lˆz/~ |ψβ〉, and UB ≡ eiθfL/~,
which is the Berry matrix of the adiabatic process under
study, once one makes a suitable choice of the basis states
for each angle θ(t) [37].
To guarantee that the ground-state manifold is HE0 at
both times [12], the angle θf must be such that Hˆ1(t) is
the same at times t = 0 and T . Depending on the anyon
positions, this constraint can be satisfied even for rota-
tion angles which are not multiple of 2pi [see Fig. 1 b-c].
When θf = 2pik, with k integer, B is trivially the identity
matrix. In this case, UB encodes the full geometrical con-
tribution to the time evolution, made up of both topologi-
cal and non-topological parts. We stress that UB only de-
pends on measurable properties of the ground-state man-
ifold at the initial time, namely the angular-momentum
matrix elements. Therefore no actual time evolution is
needed to measure it, which constitutes an undeniable
experimental advantage. The case of θf 6= 2pik is rele-
vant in the theoretical context, where –in contrast with
experimental studies– nothing precludes the extraction
of B [see example in Ref. [37]]. A comprehensive analysis
of this case is left for a future work.
Moore-Read state and its quasihole excitations.— We
now consider the MR state, which is described by the
wave function [8]
Ψ({zj}) = Pf(W )
∏
i<j
(zi − zj)M e−
∑
i |zi|2/4l2B , (7)
where lB is the magnetic length. Pf(W ) denotes the
Pfaffian of the N × N anti-symmetric matrix W , with
Wij = 1/(zi − zj) for i 6= j. For even (odd) values of
the positive integer M , this wave function represents a
fermionic (bosonic) FQH state at filling ν = 1/M , which
belongs to the lowest Landau level (LLL) [7]. This state is
the ground state for 2D charged particles, in the presence
of a transverse magnetic field and of a specific three-body
repulsion [38], and it is believed to be in the same univer-
sality class of the FQH state observed at filling ν = 5/2
[39–41].
In the presence of properly designed external poten-
tials, the ground state may also host a specific num-
ber of localized anyonic excitations [34–36]. The quasi-
hole (QH) excitations of the MR state obey non-Abelian
statistics [8, 12, 20]. In particular, they are Ising anyons
with an additional Abelian contribution to their statisti-
cal phase, and they can fuse in two different ways. For
a given set of coordinates (η1, . . . , η2n) of 2n such QHs,
there is a 2n−1-fold degenerate set of states [20].
In the following, we will consider the case 2n = 2, for
which the system is not degenerate. In this case, the MR
wave function Ψ2QH has the same form as in Eq. (7); yet
the anti-symmetric matrix W depends on the even/odd
parity PN = 0, 1 of the particle number N . For PN = 0,
it is N ×N and reads
Wij =
(η1 − zi)(η2 − zj) + (i↔ j)
zi − zj ∀ i 6= j. (8)
For PN = 1, on the other hand, W is a (N + 1)× (N + 1)
matrix. The N × N upper-left block is defined as in
Eq. (8), while the entries of the (N + 1)-th row (column)
are equal to +1 (−1) [37].
The fusion channel of the two QHs depends on PN [21].
As a consequence, the braiding of two MR QHs induces
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FIG. 2. a, 2D density profile of the N = 150 M = 2 Moore-Read state with quasiholes at positions η1 = 10 lB and η2 =
10ei3pi/2 lB (red dots). b, 2D density profile of the N = 150 M = 2 Moore-Read state with quasiholes at positions η1 = η2 =
10 lB. Red circles give a pictorial representation of the regions A1 and A2 where the 2D densities depicted in a and b are
different. c, Radial profile of the density depletions caused by a single quasihole at η1 = 0 (circles) and two quasiholes on
top of each other at η1 = η2 = 0 (diamonds), for even (blue solid lines) and odd (orange dashed lines) parity of N , at filling
ν = 1/M = 1/2. We consider N = 200 or N = 199. d, Quasihole braiding phase evaluated with equation (13) as a function of
the cutoff radius Rmax, for both PN = 0 (blue solid line) and PN = 1 (orange dashed line) in the M = 2 fermionic case. Black
dashed lines denote the predictions for ϕbr [see equation (9)]. e, f, Same as c, d for the M = 1 bosonic case.
a phase ϕbr that depends on PN :
ϕbr
2pi
=
1
4M
− 1
8
+
PN
2
. (9)
The dependence of the braiding phase ϕbr on PN is thus
a direct indication of the non-Abelian statistics of QHs,
because it indicates that the two QHs are in different
fusion channels when N is even or odd [12].
ϕbr from the mean square radius.— As previously men-
tioned, for a 2pi-rotation of the QHs, B is the identity
matrix. For the non-degenerate MR state with two QHs,
the unitary transformation U(T ) associated with this
process reduces to the phase factor UB = eiϕB , where
ϕB = 2piL/~ is the Berry phase. In this case, L is the ex-
pectation value of the angular-momentum operator over
the initial state, 〈Lˆz〉.
The Berry phase ϕB has a non-topological contribu-
tion, which can be interpreted as an Aharonov-Bohm
phase [37]. Although this phase factor contains infor-
mation on the QH fractional charge, we have to remove
it to isolate the QH braiding phase ϕbr. To this purpose
we consider the difference between the Berry phases for
two particular states [see Fig. 2 a and b]:
ϕbr
2pi
=
1
~
[
〈Lˆz〉|η1|=|η2| − 〈Lˆz〉η1=η2
]
. (10)
The expectation value 〈Lˆz〉|η1|=|η2| is taken on a state
with QHs sufficiently far from each other, at positions
η1 and η2 such that |η1| = |η2|. On the other hand,
〈Lˆz〉η1=η2 is measured on the state with the two QHs on
top of each other at η1 = η2 [for details, see Ref. [37]].
The mean angular momentum of a state in the LLL
is related to its mean square radius: 〈Lˆz〉/~ + N =
N〈r2〉/2l2B [42, 43]. This simplifies equation (10) which
reads
ϕbr
2pi
=
N
2l2B
[〈r2〉|η1|=|η2| − 〈r2〉η1=η2] . (11)
Moreover, within the LLL approximation, the mean
square radius of the cloud, and so ϕbr, can be measured
after time-of-flight expansion [43, 44].
To validate equation (11), we compute 〈r2〉 through the
Monte Carlo technique [37]. Numerical results –reported
in Table I for both M = 2 (fermionic case) and M = 1
(bosonic case) and for different parities PN of the par-
ticle number N– are fully compatible with equation (9).
This demonstrates that the existence of multiple fusion
channels for the MR QHs can be experimentally probed
without braiding them.
ϕbr from the quasihole density depletions.— Although
the protocol suggested in equation (11) is already close
4M PN ϕ
MC
br [2pi] ϕbr [2pi]
2 (fermions)
0 0.05± 0.06 0
1 0.49± 0.07 0.5
1 (bosons)
0 0.13± 0.04 0.125
1 0.59± 0.04 0.625
TABLE I. Quasihole braiding phase ϕMCbr obtained numeri-
cally via equation (11) (third column, with the Monte Carlo
statistical uncertainty) and its prediction ϕbr in equation (9)
(fourth column), for M = 2, 1 and for different parities PN of
the particle number N = 150 and N = 149. For the |η1| = |η2|
term in equation (11), we set η1 = −η2, which is the optimal
configuration for a finite-size system. For M = 2 (M = 1)
case, |η1|/lB is equal to 7.5 (6.5).
to the current experimental capabilities, it requires the
ability to pin QHs with high precision and the knowl-
edge of the particle number. Moreover, ϕbr is difficult to
compute for large systems, since it is a O(1) number ob-
tained as the difference between two O(N2) quantities.
However, equation (11) can be recast in a form which
does not depend neither on N nor on the precise QH
positions, as we prove in the following. Due to the in-
compressibility of the FQH states [7], the densities of the
configurations under study only differ in the regions A1
and A2 surrounding the QHs [see red circles in Fig. 2 a
and b]. Therefore, the integrals in equation (11) can be
restricted to A1 and A2:
ϕbr
2pi
=
1
2l2B
∫
A1,A2
r2
[
n|η1|=|η2|(~r)− nη1=η2(~r)
]
d~r. (12)
In these regions, the densities in Eq. (12) can be ex-
pressed in terms of the density depletions d1QH and d2QH
caused by a single QH and two overlapping QHs [37].
This allows us to write the braiding phase as
ϕbr
2pi
=
1
2l2B
∫
d~ρ ρ2 [d2QH(~ρ)− 2d1QH(~ρ)] , (13)
in which ~ρ is the distance from a QH position, d1QH(~ρ) =
nb − n|η1|=|η2|(~ρ + ηi) and d2QH(~ρ) = nb − nη1=η2(~ρ +
ηi) are the aforementioned QH density depletions, w.r.t.
the bulk density nb = 1/2piMl
2
B [see Fig. 2 c and e].
The integration region must be large enough to ensure
an appropriate decay of the density oscillations induced
by the QHs. At the same time, a cutoff ρ < Rmax is
needed to avoid spurious contributions coming from the
density deformations generated at the cloud boundaries.
The numerical validation of equation (13) is shown in
Fig. 2 d, f for the different parities PN , and for M = 2, 1.
Residual deviations from the expected ϕbr are due to
finite-size effects.
Equation (13) constitutes an operative way to mea-
sure ϕbr, which depends only on local properties in the
bulk region. As such, it is robust against edge modes,
which are the typical low-energy excitations due to finite-
temperature effects [33, 45]. Moreover, since d1QH(ρ)
does not depend on PN [see Fig. 2 c and e], all the in-
formation on the fusion channels is encoded in d2QH(ρ),
which is completely different for even and odd values
of N . Although this dependence on PN was already
known [36, 46], the key result of our work is that the
depletion profiles also contain quantitative information
on the braiding phase. Note that this result holds for the
QH excitations of any state in the LLL.
Experimental procedure.— While d1QH(ρ) can be in-
differently measured in the ground state with either a
single QH or two well-separated ones [34, 35], the char-
acterization of two overlapping QHs involves more sub-
tleties: First, the state in Eq. (8) with overlapping QHs
may not be the ground state in the presence of a given
external potential. For instance, for odd parity PN , hav-
ing two QHs close to each other might cost more energy
than just exciting a low-energy fermionic excitation at
the boundary [34, 47, 48]. Furthermore, the presence of
these fermionic edge modes may modify the relation be-
tween the QHs fusion channel and the particle number
parity PN [see footnote [33] in Ref. [35]].
We thus propose to proceed as follows for the measure-
ment of d2QH(ρ): two QHs are created far apart, by cool-
ing the system in the presence of pinning potentials. The
two QHs are then slowly brought closer and fused [37].
According to the general theory of topological quantum
computation [12, 49], the fusion channel cannot change
during this process, so the system is adiabatically trans-
ported into the (possibly metastable) desired state, where
the depletion profile d2QH(ρ) is measured. Note that un-
less special care is taken, we can argue that in an actual
experiment the QH fusion channel will be randomly cho-
sen at each repetition [37]. Nonetheless, the non-Abelian
statistics of the QHs will be still visible in the bi-peaked
probability for ϕbr. A rigorous proof of this statement
requires numerical experiments based on a model Hamil-
tonian and a particular cooling mechanism; we leave it
for a future study.
Conclusions and Outlook.— In this work, we presented
a scheme to assess the statistical properties of anyonic ex-
citations which does not rely on any kind of interference.
Our protocol is based on a mathematical link between
statistics and angular-momentum measurements, derived
by considering rigid rotations of the anyons. This rela-
tion further simplifies for states in the LLL, where any-
onic statistics is encoded in the density profile. Having
access to the anyonic statistics without performing any
interference scheme is remarkable in itself; moreover, re-
lating statistics to density measurements makes our pro-
tocol readily applicable to state-of-the-art experiments
with ultracold atoms [30] and photons [32].
Beyond the identification of the Moore-Read fusion
channels, on which our scheme has been validated, the
study of the two-anyons case opens several other perspec-
tives. For example, our method can be employed to dis-
tinguish the Moore-Read and anti-Pfaffian states, whose
quasiholes have different Abelian contributions to the
braiding phase [50–55]. Moreover, it gives access to a key
property in topological quantum computation [12, 49],
namely the dependence of the braiding phase on the dis-
5tance between the anyons [17].
Our method can also be useful for theoretical stud-
ies of states supporting anyons of unknown type. When
one can compute the matrix elements of the angular-
momentum and rotation operators in the ground-state
manifold, our scheme gives access to all contributions to
the time-evolution operator, for any rigid rotation of the
anyons. We stress that in the case of non-Abelian anyons
rigid rotations are sufficient to induce non-trivial mixing
of the ground states [12], although only a subset of the
possible anyonic exchanges is accessible in this way [37].
Therefore, we envision the possibility of a more precise
theoretical characterization of the anyons, beyond the
present identification of fusion channels.
Natural extensions of our analysis include other states
in the LLL –like the Read-Rezayi state [11]– or the p-
wave superconductor, closely related to the Moore-Read
state [9]. An exciting question is whether the link be-
tween the anyonic statistics and the system density re-
mains valid also for lattice systems [18, 56–59]; this is the
subject of ongoing study [60].
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Supplementary Material
I. METHODS
A. Rigid rotations of the anyons: ground state dynamics in the co-rotating frame
Equation (5) in the main text is derived through time-dependent perturbation theory in the reference frame R2.
The unperturbed Hamiltonian is Hˆ1(t = 0), while −θf Lˆz/T is a small perturbation. We consider an initial state |Ψ0〉
in the ground-state manifold HE0 of Hˆ1(t = 0). The probability that the system at time t has made a transition
between |Ψ0〉 and a generic state |ψβ〉 reads [1]:
PΨ0→β =
θ2f
~2T 2
| 〈ψβ | Lˆz |Ψ0〉 |2 Γ
(
Eβ − E0
~
, t
)
, Γ(ω, t) =
sin2(ωt/2)
(ω/2)2
. (S1)
For T → ∞ and finite t/T , this transition probability is non-zero only for states |β〉 with energy E0. This implies
that also the time-evolved state |Ψ2(t)〉 belongs to HE0 , and it can be decomposed on the basis {|ψα〉} as
|Ψ2(t)〉 = e−iE0t/~
m∑
α=1
γα(t) |ψα〉 with γα(0) = 〈ψα|Ψ0〉 . (S2)
The Schro¨dinger equation for |Ψ2〉 becomes
i~
dγα(t)
dt
= −θf
T
m∑
β=1
Lαβ γβ(t), (S3)
with Lαβ = 〈ψα|Lˆz|ψβ〉. The solution of equation (S3) reads
γα(t) =
m∑
β=1
[
eiθfLt/(~T )
]
α,β
γβ(0). (S4)
This justifies equations (5) and (6) in the main text, for the time-evolved states |Ψ2(T )〉 and |Ψ1(T )〉.
B. Analytic wave functions for two Moore-Read quasiholes
For the Moore-Read (MR) 2QH states we consider the following wave functions:
Ψ2QH(η; z) = Pf (W )
∏
i<j
(zi − zj)Me− 14
∑N
i |zi|2 , (S5)
where the form of the anti-symmetric matrix W depends on the parity PN of the particle number N [2]. If PN = 0
(N even), W is a N ×N matrix with
Wij =
{
0 i = j
(η1−zi)(η2−zj)+(i↔j)
zi−zj i 6= j
(S6)
while if PN = 1 (N odd), W is a (N + 1)× (N + 1) matrix with
Wij =

0 i = j
(η1−zi)(η2−zj)+(i↔j)
zi−zj i, j < N + 1
1 i = N + 1, j ≤ N
−1 j = N + 1, i ≤ N
(S7)
2These wave functions strongly depend on the parity PN . For PN = 0, Pf(W ) corresponds to a single Pfaffian depending
on all the N particle coordinates. For PN = 1, Pf(W ) is the sum (with appropriate signs) of N different Pfaffians,
where each Pfaffian depends only on N − 1 particle coordinates. Due to this distinction, the mean angular momenta
of the states with η1 = η2 = 0 depends on the parity PN :
〈Lˆz〉0,0 = ~
[
MN(N − 1)
2
+
N
2
− PN
2
]
. (S8)
This distinction is crucial in our study of the fusion channels characterizing the non-Abelian QHs of the MR state.
C. Metropolis Monte Carlo method
Results reported in Table I and Fig. 2 of the main text required the evaluation of the expectation values of some
spatial dependent observables O(~r) on different states. We recast these expectation values as averages over the
probability distribution given by the squared modulus of the wave functions of interest,
〈Ψ|O(~r)|Ψ〉
〈Ψ|Ψ〉 =
∫ O(~r) |Ψ(z1, . . . , zN )|2 dz1 . . . dzN∫ |Ψ(z1, . . . , zN )|2 dz1 . . . dzN , (S9)
and we compute these integrals through the Metropolis Monte Carlo technique [3, 4], leading to results which are
exact within statistical errors. This is an established method also in the fractional quantum Hall context, see for
instance Refs. [5–7]. Note that we treat the Pfaffian factors in |Ψ|2 directly, without making use of their integral
representation introduced in Ref. [8].
II. RIGID ROTATIONS OF THE ANYONS: ALTERNATIVE DERIVATION
While in the main text we derive the effect of rigid rotations of the anyons by solving the dynamics of the system
in the co-rotating reference frame, here we show that the same results can be obtained through the application of the
adiabatic theorem in a suitable gauge.
We consider the Hamiltonian Hˆ(t) = Hˆ(λ1(t), . . . λn(t)), where ~λ(t) is a set of time-dependent parameters. We
denote by HE0(t) the (possibly degenerate) subspace of ground states of Hˆ(t), spanned by the basis {|ψα(t)〉}, and we
assume that an energy gap separates the ground-state energy E0(t) from the other eigenstates at any time t. Then,
according to the adiabatic theorem [9, 10], if we start at t = 0 in the state |Ψ(0)〉 ∈ HE0(0), the time-evolved state
|Ψ(T )〉 will be given by
|Ψ(T )〉 = U(T )|Ψ(0)〉 ∈ HE0(T ). (S10)
The unitary transformation U(T ) is gauge invariant if and only if the adiabatic process describes a closed path in
parameter space –i.e. Hˆ(T ) = Hˆ(0)– and it is in general the product of three contributions: (i) The dynamical phase
factor
Udyn = exp
[
− i
~
∫ T
0
E0(t)dt
]
. (S11)
(ii) The geometric contribution
UB = P exp
[
i
∫ T
0
A(t)dt
]
, (S12)
known as Berry matrix [10, 11], in which P stands for path –or time– ordering and the Berry connection A(t) has
matrix elements
Aαβ(t) = i 〈ψα(t)| d
dt
|ψβ(t)〉 = A~λαβ ·
d~λ(t)
dt
,
A~λαβ = i 〈ψα(~λ)|
∂
∂~λ
|ψβ(~λ)〉.
(S13)
3FIG. S1. Schematic pictures of the rigid rotation of the anyons (a) and of the particles (b).
(iii) A unitary transformation B taking into account the change of the basis states during the adiabatic process, with
matrix elements
Bαβ = 〈ψα(0)|ψβ(T )〉, (S14)
so that |ψα(T )〉 = B|ψα(0)〉.
When considering the adiabatic braiding/exchange of anyons, the parameters ~λ(t) are generally identified with
positions of some external potentials pinning the anyons at coordinates ηµ(t). For the special case of rigid rotations
of the anyons, where ηµ(t) = ηµ(0)e
iθ(t) [Fig. S1 a], the only relevant parameter is the rotation angle θ(t) = θf t/T .
Moreover, we assume that
Hˆ(zj , t) = Rˆ†−θ(t) Hˆ(zj , 0) Rˆ−θ(t) = Hˆ(zje−iθ(t), 0) (S15)
at any time t, where Rˆθ(t) = exp
[
−iθ(t)Lˆz/~
]
is the particle rotation operator. Equation (S15) is generally satisfied
by FQH Hamiltonians with potential terms which only depends on the distance |zj − ηµ(t)| of the particles from the
anyonic coordinates, as those considered in the main text. Through equation (S15), the non-dynamical contributions
to U(T ) for rigid rotations can be rewritten in a simpler fashion. We define the basis states at time t starting from
those of the initial basis and by rotating all the particles [Fig. S1 b], i.e.
|ψα(t)〉 = Rˆθ(t)|ψα(0)〉. (S16)
This particle-rotation (PR) basis differs from the one obtained by following the time evolution of the anyon coordinates,
i.e. by substituting ηµ(0) with ηµ(t) in the states of the basis at time 0 –e.g. in [8]. With this second approach one
would obtain the anyon-rotation (AR) basis
|ψ˜α(t)〉 = Sθ(t)|ψ˜α(0)〉, (S17)
where Sθ(t) is the anyon-rotation transformation that maps a generic wave function Ψ(η; z) into Ψ(ηeiθ(t); z). Although
in general |ψα(t)〉 6= |ψ˜α(t)〉, equation (S15) ensures that the two basis span the same subspace HE0(t) at any time t.
In the PR basis, one may express the Berry connection (S13) in terms of the angular momentum Lˆz,
Aθαβ =
1
~
〈ψα(θ)|Lˆz|ψβ(θ)〉 = 1~ 〈ψα(0)|Rˆ
†
θ(t)LˆzRˆθ(t)|ψβ(0)〉 =
1
~
〈ψα(0)|Lˆz|ψβ(0)〉, (S18)
where θ ∈ [0, θf ], and where we used the fact that Lˆz and Rˆθ(t) commute. Therefore the Berry matrix reads
UB = eiθfL/~, (S19)
where the matrix elements of L are the angular momentum matrix elements evaluated on the states of the basis at
initial time (as in the main text), Lαβ = 〈ψα(0)|Lˆz|ψβ(0)〉.
Note that here the integration appearing in equation (S12) only gives an overall constant factor θf . Therefore, by
working in the PR basis, one can obtain the Berry matrix UB through the measurement of the Lˆz matrix elements at
θ = 0 , i.e. without performing any actual rotation.
Moreover, the basis-change matrix B has elements
Bαβ = 〈ψα(0)|ψβ(T )〉 = 〈ψα(0)|Rˆθf |ψβ(0)〉 = 〈ψα(0)|e−iθf Lˆz/~|ψβ(0)〉, (S20)
4and this imposes the constraint B(2pik) ≡ 1, where 1 denotes the identity operator and k is an integer number. This
constraint comes from the fact that the basis states at different angles are obtained by acting only on the particle
coordinates and that any admissible wave function must be single-valued with respect to them. Therefore, when
considering 2pik-rotations in the PR basis, all non-dynamical contributions to U(T ) –including those coming from the
anyonic braiding statistics– must be in the Berry matrix UB. Note that this is true if and only if θf = 2pik. On the
contrary, wave functions can be in general multi-valued in the anyon coordinates ηµ. Therefore, if one chooses the
AR basis, the unitary transformation U(T ) can in principle take non-trivial contributions from basis-change matrix
B˜ = 〈ψ˜α(0)|ψ˜β(T )〉 = 〈ψ˜α(0)|Sθf |ψ˜β(0)〉 also in the case of 2pik-rotations.
A final remark concerns the case of anyonic configurations in which the set of coordinates ηµ maps into itself for
rotation angles θf 6= 2pik [see Fig. 1 c in the main text]. In this case, the basis-change matrix B is not proportional
to the identity, in general, and it can also have non-vanishing off-diagonal matrix elements. From the experimental
point of view this is not the optimal situation, since one cannot easily measure the entries of B. However, rigid
rotations of angles θf 6= 2pik can be extremely useful in view of theoretical applications of our study. In particular, by
computing UB and B for these rotations, one can demonstrate that the unitary transformation U(T ) has non-vanishing
off-diagonal matrix elements, without performing any kind of time evolution.
We stress that the expressions for UB and B in the PR basis [see equations (S19) and (S20)] are exactly the same
as those obtained in the main text by solving the ground state dynamics in the reference frame co-rotating with the
anyons.
III. AHARONOV-BOHM PHASE DUE TO PARTICLE ROTATION
Here we explicitly compute the non-topological (NT) contribution to the Berry phase ϕB = θfL/~ acquired by the
MR 2QH state after a 2pi-rotation of the anyons. Since in the PR basis ϕB can be expressed in terms of the angular
momentum expectation value taken on the 2QH state, we can write
ϕB(η1, η2) =
2pi
~
〈Lˆz〉η1,η2 = ϕNT(η1, η2) + ϕbr, (S21)
in which ϕNT(η1, η2) is the aforementioned non-topological contribution to ϕB and η1, η2 denote the QH coordinates.
To find an analytic expression for ϕNT(η1, η2), we consider the generic state with far apart QHs at positions η1, η2
[with |η1| < |η2|], for a large number of particles N  1. This approximation allows us assume that: i) The density
n(r) of the FQH cloud is a constant nb = 1/2piMl
2
B in the interval 0 ≤ |r| ≤ Rcl, where Rcl = Rcl(N) denotes the
semi-classical radius of the cloud, and it is equal to 0 elsewhere. In other words, we are neglecting the density bump
at the cloud boundary. ii) The QH size is negligible, and therefore each QH can be seen as an additional magnetic
flux ΦQH = pi~/e = Φ0/2, where Φ0 = 2pi~/e is the quantum flux, located at the QH position. As a consequence of ii),
the QH positions η1 and η2 divide the FQH cloud in three regions: A circular region S1 of radius |η1|, a ring-shaped
region S2 with inner radius |η1| and outer radius |η2|, and a ring-shaped region S3 extending from |η2| to Rcl [see
Fig. S2].
For adiabatic processes in which charged objects move in presence of magnetic fields, the non-topological phase ϕNT
acquired by the many-body wave function is an Aharonov-Bohm (AB) phase [12]. Therefore equation (S21) becomes
2pi
~
〈Lˆz〉η1,η2 = ϕAB(η1, η2) + ϕbr. (S22)
where ϕAB(η1, η2) is not the AB phase associated with the rotation of the QHs, but rather the one due to the rotation
of the particles forming the MR state. This is a consequence of working in the PR basis, in which anyons are fixed
and particles move [see Fig. S1].
For the simplest case of a charged particle moving along a closed path in presence of a constant magnetic field,
the AB phase is qΦ/~, where q and Φ denote the particle charge and the magnetic flux passing through the surface
enclosed by the particle path, respectively. Here we consider a charge density distributed over the FQH cloud, rather
than individual particles. Under our previous assumption that the density is constant for all r ≤ Rcl, the AB phase
ϕAB(η1, η2) is
∫ Rcl
0
[ 2pir qnbΦ(r)/~ ] dr, where qnb is the charge density and where the flux Φ(r) seen at radius r
depends on the region Si to which r belongs. Particles in S1 only feel the flux ΦS1(r) = pir
2ρBΦ0 due to the external
magnetic field, where pir2 is the surface enclosed by the ring and ρB = 1/2pil
2
B is the flux density. Particles in S2
feel the external-field flux plus an additional magnetic flux ΦQH due to the fact they encircle a QH. Particles in S3
encircle two QHs, and thus they feel two additional fluxes: ΦS3(r) = pir
2ρBΦ0 + 2ΦQH. The AB phases associated
with the rotation of the charge density in the three different regions are
ϕS1AB(η1) =
qnb
~
∫ |η1|
0
dr 2pirΦS1(r) =
qnb2pi
2B
~
|η1|4
4
, (S23)
5FIG. S2. Schematic picture of the regions S1, S2 and S3 of the FQH cloud defined by the quasihole positions η1, η2 (red dots)
in the large N limit.
ϕS2AB(η1, η2) =
qnb
~
∫ |η2|
|η1|
dr 2pirΦS2(r) =
qnb2pi
2B
~
( |η2|4
4
− |η1|
4
4
)
+
qnbpiΦ0
~
( |η2|2
2
− |η1|
2
2
)
, (S24)
ϕS3AB(η2) =
qnb
~
∫ Rcl
|η2|
dr 2pirΦS3(r) =
qnb2pi
2B
~
(
R4cl
4
− |η2|
4
4
)
+
qnb2piΦ0
~
(
R2cl
2
− |η2|
2
2
)
, (S25)
and the global AB phase reads
ϕAB(η1, η2) = ϕ
S1
AB(η1) + ϕ
S2
AB(η1, η2) + ϕ
S3
AB(η2)
=
qnb2pi
2B
~c
R4cl
4
+
qnb2piΦ0
~c
R2cl
2
− qnbpiΦ0
~c
( |η1|2
2
+
|η2|2
2
)
= K(M,N)− 2pi 1
2M
( |η1|2
2l2B
+
|η2|2
2l2B
)
,
(S26)
where in the last equality we used nb = 1/2piMl
2
B , Φ0 = 2pil
2
BB and q = e. Here K(M,N) is a constant which
does not depend on η1 and η2. The second term on the right-hand side of equation (S26) is the AB phase associated
with the rotation of the two QHs [see for instance Ref. [8]], which means that the dependence of 〈Lˆz〉η1,η2 on the QH
positions allows one to compute the fractional charge of MR QHs. This is also an indication of the correctness of our
reasoning: particle and QH rotations are indeed related.
The prediction for K(M,N), however, is not reliable. This is easily understood by observing that in the large-N
approximation the semi-classical radius of the FQH cloud Rcl does not depend on the number NQH of QH excitations.
If our expression for K(M,N) were correct, then also the mean angular momentum of the MR state with η1 = η2 = 0
would not depend on NQH, but we know that this is not the case.
The issue is solved by rewriting equation (S22) for the case of η1 = η2 = 0, since in this case the particle rotation
does not induce any exchange of the QHs and so ϕbr = 0. We find
2pi
~
〈Lˆz〉0,0 = ϕAB(0, 0) + ϕbr = ϕAB(0, 0), (S27)
which implies that K(M,N) must be computed as the mean angular momentum of the MR state having both QHs
located in the origin: K(M,N) = (2pi/~)〈Lˆz〉0,0. Equation (S22) then becomes
2pi
~
〈Lˆz〉η1,η2 =
2pi
~
〈Lˆz〉0,0 − 2pi 1
2M
( |η1|2
2l2B
+
|η2|2
2l2B
)
+ ϕbr, (S28)
and the braiding phase of MR non-Abelian QHs is related to the angular momentum via
ϕbr =
2pi
~
〈Lˆz〉η1,η2 −
2pi
~
〈Lˆz〉0,0 + 2pi 1
2M
( |η1|2
2l2B
+
|η2|2
2l2B
)
. (S29)
6Finally, we notice that if we consider a state with QH at positions η1, η2 such that |η1| = |η2|, the last two terms
on the right-hand side of equation (S29) correspond to the mean angular momentum of the state with QHs on top of
each other at distance |η| from the center of the cloud. So we have
ϕbr =
2pi
~
〈Lˆz〉|η1|=|η2| −
2pi
~
〈Lˆz〉η1=η2 , (S30)
which corresponds to equation (13) of the main text.
The calculations of this section are easily generalized to the QHs of the Laughlin state, with the only difference
that the corresponding QH magnetic flux is ΦQH = Φ0 instead of Φ0/2.
IV. RELATION BETWEEN QUASIHOLE BRAIDING PHASE AND DENSITY DEPLETIONS
In this Section we show how to express the QH braiding phase in terms of the QH density depletions (equation (13)
in the main text), starting from its expression in term of the mean square radii (equation (11) in the main text).
First we rewrite equation (11) in the main text as
ϕbr
2pi
=
N
2l2B
[〈r2〉|η1|=|η2| − 〈r2〉η1=η2]
=
N
2l2B
1
N
∫
R2
r2
[
n|η1|=|η2|(~r)− nη1=η2(~r)
]
d~r
=
1
2l2B
∫
A1,A2
r2
[
n|η1|=|η2|(~r)− nη1=η2(~r)
]
d~r,
(S31)
where in the last equivalence we used the fact that the densities n|η1|=|η2|(~r) and nη1=η2(~r) are equal over the whole
2D plane, except for the surfaces A1 and A2 surrounding the QHs [red circles in Fig. 2 a and b in the main text].
Densities n|η1|=|η2|(~r) and nη1=η2(~r) in the regions A1 and A2 can be rewritten as
n|η1|=|η2|(~r) = nb − d1QH(~r − ηj) ∀~r ∈ Aj , j = 1, 2
nη1=η2(~r) = nb − d2QH(~r − η1) ∀~r ∈ A1,
nη1=η2(~r) = nb ∀~r ∈ A2,
(S32)
where nb = 1/2piMl
2
B is the bulk density, and d1QH(~r) and d2QH(~r) represent the density depletions caused by a
single QH or by two QHs on top of each other, respectively. By inserting these expressions in the previous integral
one obtains
ϕbr
2pi
=
1
2l2B
{∫
A1
r2 [d2QH(~r − η1)− d1QH(~r − η1)] d~r −
∫
A2
r2 d1QH(~r − η2) d~r
}
=
=
1
2l2B
∫
A1
r2 [d2QH(~r − η1)− 2d1QH(~r − η1)] d~r,
(S33)
where we used the facts that |η1| = |η2| and that the integrals do not depend on the angle distinguishing A1 and A2.
By changing variables to ~ρ ≡ ~r − η1, we obtain
ϕbr
2pi
=
1
2l2B
∫
A1
(~ρ− η1)2 [d2QH(~ρ)− 2d1QH(~ρ)] d~ρ
=
1
2l2B
∫ 2pi
0
dθ
∫ Rmax
0
dρ ρ (ρ2 − 2ρ|η1| cos θ + |η1|2) [d2QH(ρ)− 2d1QH(ρ)] ,
(S34)
where Rmax is the radius of the disk-shaped surface A1. This radius must be small enough to avoid the overlap
between the different Ai regions and the spurious contributions from the density deformations at the FQH cloud
boundary, but large enough to ensure an appropriate damping of the density oscillations induced by the QHs on top
of the bulk density.
Finally, we note that the integrate density depletion for two QHs on top of each other and for two QHs far away is
the same, i.e. ∫ 2pi
0
dθ
∫ Rmax
0
dρ ρ [d2QH(ρ)− 2d1QH(ρ)] = 0, (S35)
7and that the integral of cos θ vanishes in the interval [0, 2pi]. Therefore, the previous expression for the braiding phase
simplifies and corresponds to equation (13) in the main text.
The reasoning in this section applies to all QH excitations of FQH states in the lowest Landau level (LLL), since
it only requires the validity of the expression relating the mean angular momentum of a state in the LLL to its mean
square radius [7].
V. FUSION OF THE MOORE-READ QUASIHOLES
In the main text we mentioned that a qualitative proof of the existence of multiple fusion channels can be obtained
by bringing the MR QHs close to each other and by looking at their density profiles. Here we provide numerical
results, based on Monte Carlo calculations, showing how the density profile of the MR QHs changes as a function of
the distance between them [see Fig. S3].
The density depletions created by QHs far apart from each other do not depend on the parity PN of the particle
number, as expected [see Fig. S3 a]. In this respect, is it interesting to notice that the density profiles seem to be
parity-independent as long as the two QHs do not significantly overlap [see Fig. S3 b]. If then one brings the QHs
closer to each other, they start to hybridize and the resulting density profile strongly depends on PN [see Fig. S3 c].
Finally, the difference between the PN = 0, 1 density profiles reaches is maximum when the QHs are on top of each
other [see Fig. S3 d]. For PN = 0 one has vanishing density at the QHs position, while for PN = 1 the minimum
value of the density is approximately one half of the bulk density nb and it is not located at the QH positions.
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FIG. S3. a-d, Mean particle density n¯(x) along a cut connecting two M = 1 Moore-Read quasiholes located at η1,2 = ±R,
with R/lB = 6, 3, 1.5 and 0 for a, b, c and d respectively. For each value of R, the blue (orange) solid line indicates the PN = 0
(PN = 1) case. To obtain n¯(x), we average the density profile over a stripe with |y| < 0.64 lB .
The topological protection characterizing these states ensures that, once we create the QHs (far from each other
and from the system boundary) in a given fusion channel, this will not change if we adiabatically bring the QHs
close to each other (and eventually fuse them). On the one hand, this allowed us to study the behavior of the QH
density depletions during the fusion process just through the Monte Carlo sampling of the wave functions (S6) and
(S7) for different values of the QH coordinates [see Fig. S3]. On the other hand, it guarantees that, as long as one
is able to create the MR QHs (far from each other) in the two different fusion channels, the experimental procedure
we proposed in the main text can be applied to probe the non-Abelian nature of the MR QHs. In the main text we
took advantage of this fact to overcome the difficulties in the creation of two overlapping QHs in the ”odd” fusion
channel [see orange line in Fig. S3 d]. Note that in the presence of an external potential the state in Eq. (S7) with
8overlapping QHs may not be the ground state of the system, since it could be energetically more expensive than just
exciting a fermionic edge mode on the boundary [13–15].
The question is whether or not one can create two spatially separated MR QHs in both fusion channels, and in
particular in the ”odd” one. To answer this question one should perform numerical experiments starting from a model
Hamiltonian and a cooling mechanism, but this goes beyond the goal of the current work. What we do in the following
instead, is trying to give strong arguments in favor our statement –namely that in an actual experiments the QH
fusion channel is randomly chosen at each repetition. It is known from the literature [see Refs. [15, 16]] that in the
presence of fermionic excitations, the one to one correspondence between the parity of N and the fusion channel of
the two MR QHs breaks down. To be precise, the fusion channel chosen by the QHs will be fixed by the parity of
(N − F ), where F is the number of fermionic edge excitations. At the same time, one can reasonably argue that the
energy of the state with F = 0 and the one with F = 1, both hosting two well separated QHs, will be very similar
(the energy difference between these two states will probably depend on both the distance between the QHs and the
particular properties of the confining potential under study). Therefore, since in the cooling process the system does
not necessarily reach the ground state (especially when there are almost-degenerate states), it is reasonable to expect
that in an actual experiment the MR QHs will randomly select one of the two different fusion channels.
VI. RIGID ROTATIONS OF THE MOORE-READ 4-QUASIHOLE STATES
In the following we consider the effect of rigid rotations on MR states with four QHs, where, for a given choice of
the QH coordinates, two different ground states appear and the QHs show their actual non-Abelian behavior. We
demonstrate that the non-Abelian terms of the QH braiding matrices only enter in the basis-change matrix B, if we
work with the PR basis. This proves that only rigid rotations of the anyons by angles θf 6= 2pik –with k integer–
can induce transformations which mix the different ground states. This observation is important in the context of
theoretical studies, where, from the knowledge of the initial ground states, one can compute both UB and B for any
rigid rotation of the anyons.
The MR 4QH wave functions Ψ0,1(η; z) are obtained as the conformal blocks of suitable conformal field theories [8,
17, 18]:
Ψ0(η; z) =
4∏
µ<ν
η
1
4M− 18
µν
(η13 η24)
1/4√
1 +
√
1− x
[
Ψ(13)(24)(η; z) +
√
1− xΨ(14)(23)(η; z)
]
e−
1
8M
∑4
µ=1 |ηµ|2 , (S36)
Ψ1(η; z) =
4∏
µ<ν
η
1
4M− 18
µν
(η13 η24)
1/4√
1−√1− x
[
Ψ(13)(24)(η; z)−
√
1− xΨ(14)(23)(η; z)
]
e−
1
8M
∑4
µ=1 |ηµ|2 , (S37)
where
ηµν = ηµ − ην , x = η12 η34
η13 η24
=
(η1 − η2)(η3 − η4)
(η1 − η3)(η2 − η4) , (S38)
and
Ψ(ab)(cd)(η; z) = Pf
(
(ηa − zi)(ηb − zi)(ηc − zj)(ηd − zj) + (i↔ j)
zi − zj
)∏
i<j
(zi − zj)Me− 14
∑N
i |zi|2 . (S39)
As a first step, we study what happens to the Pfaffian in equation (S39), when one rotates the particle coordinates
by an angle θ. We consider, in particular, the term
Q(ηa, ηb, ηc, ηd; zk, zj) ≡ (ηa − zk)(ηb − zk)(ηc − zj)(ηd − zj) + (ηa − zj)(ηb − zj)(ηc − zk)(ηd − zk)
zk − zj , (S40)
which changes as
Q(ηa, ηb, ηc, ηd; zke
−iθ, zje−iθ) = e−i3θ Q(ηaeiθ, ηbeiθ, ηceiθ, ηdeiθ; zk, zj) (S41)
when particle coordinates are rotated by an angle θ.
9In the explicit form of the Pfaffian appearing in the wave functions Ψ(ab)(cd)(η; z) we have a sum (with alternating
signs) of terms given by the product of N/2 factors like (S40). Therefore, the effect of particle rotations on such wave
functions is the following:
Rˆθ Ψ(ab)(cd)(η; z) = Ψ(ab)(cd)(η; ze−iθ)
= e−i
3N
2 θ e−i[
MN(N−1)
2 ]θ Ψ(ab)(cd)(ηe
iθ; z)
= e−i
3N
2 θ e−i[
MN(N−1)
2 ]θ Sθ Ψ(ab)(cd)(η; z),
(S42)
where the second term on the right-hand side comes from the Laughlin-like part of the wave functions Ψ(ab)(cd)(η; z).
We recall that Rˆθ and Sθ are the transformations mapping a generic wave function Ψ(η; z) into Ψ(η; ze−iθ) and
Ψ(ηeiθ; z), respectively.
Finally, by noting that x [see equation (S38)] is invariant under rotation of the QH coordinates, we can write:
Rˆθ Ψ0,1(η; z) = Ψ0,1(η; ze−iθ)
= e−i[6(
1
4M− 18 )+ 12 ]θ e−i
3N
2 θ e−i[
MN(N−1)
2 ]θ Ψ0,1(ηe
iθ; z)
= e−iΣ(N,M) θ Sθ Ψ0,1(η; z),
(S43)
where
Σ (N,M) ≡
[
6
(
1
4M
− 1
8
)
+
1
2
]
+
3N
2
+
[
MN(N − 1)
2
]
. (S44)
The first term on the right-hand side of the previous equation represents the Abelian part of the topological contri-
bution to U(T ). Note that it compensates the one coming from the η-depending normalization pre-factor in the wave
functions Ψ0,1(η; z) when we apply Sθ on them [see equations (S36) and (S37)], in agreement with the fact that in the
PR basis such a term is contained in UB. At the same time, the second and third terms represent the mean angular
momentum 〈Lˆz〉0,0,0,0 of the 4QH state with all QHs in the origin and they cancel the same term entering – with
the opposite sign– in UB [cf. equation (S28)]. As a consequence, the remaining non-topological contribution to the
product UBB is the Aharonov-Bohm phase due to the QH rotation.
Equation (S43) allows us to express the matrix B –written in the PR basis– in terms of the one written in the AR
basis B˜:
Bαβ(θf ) = 〈Ψα(η; z)|Rˆθf |Ψβ(η; z)〉
= e−iΣ(N,M)θf 〈Ψα(η; z)|Sθf |Ψβ(η; z)〉
= e−iΣ(N,M)θf B˜αβ(θf ).
(S45)
Since the unitary transformation U(T ) does not depend on the basis choice, its non-Abelian contributions –coming
only from the QH exchanges– must be the same if we consider UBB or U˜BB˜. At the same time, in Ref. [8] it has
been proved that, for an arbitrary closed path in the parameter space of QH coordinates (including rigid rotations of
the QHs), all topological contributions to U(T ) –both the Abelian and the non-Abelian ones– lie in the basis-change
term B˜, while U˜B corresponds to the Aharonov-Bohm phase due to the QH motion. Therefore, since equation (S45)
relates B with B˜, we can conclude that all non-Abelian contributions to U(T ) lie in the basis-change matrix B also if
we choose the PR basis.
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